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Abstract
Multiple quantum (MQ) NMR with a dipolar ordered initial state opens new
possibilities for the exploration of many-spin entanglement. In this paper, we
investigate many-spin entanglement in a gas of spin-carrying molecules (atoms)
in nanocavities in the conditions of MQ NMR with a dipolar ordered initial state.
The second moment of the distribution of the intensities of MQ NMR coherences,
which provides a lower bound on the quantum Fisher information, is used for
an estimate of the number of the entangled spins. Many-spin entanglement is
investigated at different temperatures and different numbers of spins.
Keywords: multiple quantum (MQ) NMR, quantum correlations, quantum
Fisher information, entanglement, nano-pore, MQ NMR coherence, second
moment, temperature, dipolar ordered state, two-pulse Broekaert-Jeener
sequence
1. Introduction
Entanglement [1] is an important notion in quantum mechanics. It is respon-
sible, in particular, for advantages of quantum computers over their classical
counterparts. Recently demonstrated quantum supremacy of a programmable
superconducting processor [2] is also connected with entanglement, which is
absent in classical physics. Among numerous methods of the investigation of
entanglement, we focus on multiple quantum (MQ) NMR in solids [3], which is
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widely used to characterize entanglement in binary systems [4, 5, 6, 7]. It turns
out that the MQ NMR spectroscopy [3] allows us to extract information about
many-spin entanglement [8] by using the quantum Fisher information [9, 10].
The quantum Fisher information describes the quickness of a change of quan-
tum states determined by a density matrix in response to a change of some
parameter. In MQ NMR spectroscopy, that parameter is the phase increment
between the radio-frequency (rf) pulses, irradiating the system on the prepa-
ration and mixing periods of the MQ NMR experiment [3] that leads to the
separation of the signals, corresponding to MQ NMR coherences of different or-
ders, and allows obtaining the total MQ NMR spectrum. The phase increment is
proportional to the duration of the evolution period. Using the quantum Fisher
information (QFI) [11] for the analysis of the MQ NMR spectra, one can extract
important information about many-spin entanglement. The point is that there
is a relation between the second moment of the MQ NMR spectrum [12] and the
quantum Fisher information [8, 13]. Moreover, the second moment of the MQ
NMR spectrum provides a lower bound on the quantum Fisher information [8].
This means that the MQ NMR spectroscopy is a valuable method for solving
quantum information problems.
Many-spin entanglement was investigated [13] for a nonspherical nanopore
filled with a gas of spin-carrying molecules in a strong external magnetic field [14,
15]. The thermally equilibrium initial state of the system was determined by the
one-spin Zeeman interaction with the external magnetic field [16]. It is also pos-
sible to investigate many-spin entanglement when the same system is initially
prepared in the dipolar ordered state [17] using either the adiabatic demagne-
tization method in a rotating reference frame (RRF) [17, 18] or the two-pulse
Broekaert-Jeener sequence [17, 19]. The MQ NMR dynamics with this initial
state have been simulated both in small spin systems [16, 20] and in a system
consisting of 200-600 spin-carrying molecules (atoms) filling a nanopore [21].
The approaches developed for those investigations are restricted to high tem-
peratures and cannot be applied to many-spin entanglement.
In the present article we consider the intermediate-temperature case with low
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Zeeman temperatures and high dipolar ones. Nuclear magnetic ordering [22] is
beyond the scope of this paper. Notice that the two-pulse Broekaert-Jeneer
experiment [19] was performed in the high-temperature case. We prove the-
oretically that the experiment [19] can be realized also for the intermediate-
temperature case. It was shown [21] that in the MQ NMR experiment with the
dipolar ordered initial state, MQ NMR coherences emerge faster than in the MQ
NMR experiment with the thermal-equilibrium initial state in a strong exter-
nal magnetic field. This observation is important for many-spin entanglement
investigations, because they involve calculations of the second moment of the
distribution of MQ NMR coherences. It is also important for the investigation
of correlation spreading [14, 23, 24, 25] and localization [26, 27]. Indeed, the
spreading rate can be described through out-of-time ordered correlations, which
are connected with the distribution of MQ NMR coherences.
The present paper investigates many-spin entanglement using the MQ NMR
spectrum of spin-carrying atoms (molecules) in a nanopore when the system is
prepared in a dipolar ordered state. In Sec. 2, the theory of MQ NMR dynamics
at a low Zeeman temperature and a high dipolar temperature is developed. An
analytical solution for the MQ NMR dynamics of a three-spin system is obtained
at such temperatures in Sec. 3. The second moment of the MQ NMR spectrum
as a measure of many-spin entanglement is considered in Sec. 4. The dependence
of many-spin entanglement on the dipolar temperature and the number of the
spins in the system is investigated in Sec. 5. We briefly summarize our results
in concluding Sec. 6. In the Appendix, we show that the two-pulse Broekaert-
Jeener sequence can be used in the case when the Zeeman temperature is low
and the dipole one is high.
2. Theory of MQ NMR dynamics in a nanopore at a low Zeeman
temperature and a high dipolar temperature
MQ NMR dynamics in a nanopore is governed by the Hamiltonian [13, 15]
HMQ = −D
4
[(
I+
)2
+
(
I−
)2]
, (1)
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where
I± =
N∑
j=1
I±j , (2)
N is the number of the spins in the nanopore, I±j are the raising or lowering
operators of spin j, and D is the dipolar coupling constant averaged by the
fast molecular diffusion of spin-carrying atoms (molecules) in the nanopore.
We emphasize that the dipolar coupling constant D is the same for all pairs
of interacting spins in the nanopore [13, 15]. The density matrix ρ(τ) on the
preparation period of the MQ NMR experiment [3] can be obtained from the
Liouville evolution equation [17, 22]
i
dρ(τ)
dτ
= [HMQ, ρ(τ)] (3)
with the initial thermodynamic equilibrium density matrix
ρ(0) = ρeq =
1
Z
e
ℏω0
k
αzIz+
ℏ
k
βdHdz , (4)
where Z = Tr
{
e
ℏω0
k
αzIz+
ℏ
k
βdHdz
}
is the partition function, ℏ and k are the
Plank and Boltzmann constants, ω0 is the Larmor frequency , Iz is the operator
of the projection of the total spin angular momentum on the z-axis, which is
directed along the strong external magnetic field, Hdz is the secular part of
the dipole-dipole interaction (DDI) Hamiltonian in a strong external magnetic
field, and αz, βd are the inverse Zeeman and dipolar temperatures. We will
consider the case when the Zeeman temperature is low (ℏω0k αz ≫ 1) and the
dipolar temperature is high
(
ℏD
k βd ≪ 1
)
. For concreteness, we suppose that
ω0 = 2pi ·500 ·106 s−1 and D = 2pi ·104 s−1. In the Appendix, we prove that the
two-pulse Broekaert-Jeener sequence [17, 19] results in the dipolar ordered state
even at a low Zeeman temperature. The adiabatic demagnetization [17, 18] is
the second method of preparing a system in the dipolar ordered state. Using
those methods, we can obtain the system in the thermodynamic equilibrium
state with the density matrix
ρi =
1
Zi
e
ℏβdHdz
k ≈ 1
Zi
(1 +
ℏβd
k
Hdz), (5)
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where the partition function
Zi = Tr
{
e
ℏβdHdz
k
}
≈ 2N . (6)
MQ NMR dynamics in the nanopore will be investigated on the basis of Eq. (3)
with the initial state of Eq. (5). It is also significant that the Hamiltonian Hdz
is partially averaged by the fast molecular diffusion in the nanopore and the
averaged Hamiltonian can be written as [28, 21]
Hdz =
D
2
(3I2z − I2), (7)
where I2 is the square of the spin angular momentum.
Let G(τ, φ) be the signal after the preparation, evolution and mixing periods
of the MQ NMR experiment [3], averaged over the equilibrium density matrix.
G(τ, φ) can be written as [13]
G(τ, φ) = Tr
{
eiHMQτeiφIze−iHMQτρie
iHMQτe−iφIze−iφHMQτρi
}
= Tr
{
eiφIzρ(τ)e−iφIzρ(τ)
}
,
(8)
where
ρ(τ) = e−iHMQτρie
iHMQτ (9)
is the solution of Eq. (3) at the initial condition of Eq. (5). It is convenient to
expand the spin density matrix, ρ(τ), in series as
ρ(τ) =
∑
n
ρn(τ), (10)
where ρn(τ) is the contribution to ρ(τ) from the MQ coherence of the n-th
order [29]. Then the function G(τ, φ) of Eq. (8) can be rewritten as
G(τ, φ) =
∑
n
einφTr {ρn(τ)ρ−n(τ)} , (11)
where we took into account that
[Iz, ρn(τ)] = nρn(τ) (12)
It is necessary for further calculations to introduce the normalized intensities
Jn(τ) (n = 0,±2,±4, · · · ) of the MQ NMR coherences
Jn(τ) =
Tr {ρn(τ)ρ−n(τ)}
Tr {ρ2i }
(13)
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Using Eqs. (9), (10) one can verity that
∑
n
Jn(τ) =
Tr {∑n ρn(τ)ρ−n(τ)}
Tr {ρ2i }
=
Tr
{∑
m,n ρn(τ)ρm(τ)
}
Tr {ρ2i }
=
Tr
{
ρ2(τ)
}
Tr {ρ2i (τ)}
=
Tr
{
e−iHMQτρ2i e
iHMQτ
}
Tr {ρ2i }
= 1 (14)
One can conclude from Eq. (14) that the sum of the MQ NMR coherences is
conserved on the preparation period of the MQ NMR experiment [3].
The basis consisting of the eigenstates of the operator Iz (dubbed the mul-
tiplicative basis) is widely used for numerical calculations of MQ NMR dynam-
ics [30]. Due to the rapid expansion of the Hilbert space with the growth of
the number of spins such calculations are possible only for systems with a small
number of spins. That approach is not suitable for investigations of many-spin
entanglement. Since the HamiltonianHMQ of Eq. (1) commutes with the square
of the total spin angular momentum Iˆ2, it is possible to use the basis consisting
of the common eigenstates of Iˆ2 and Iz in order to study MQ NMR dynamics as
was done in Ref. [15, 21, 13]. In this basis, the Hamiltonian HMQ and the ini-
tial density matrix of Eq. (5) (see also Eq. (7)) consist of blocks, corresponding
to different values of the spin angular momentum [15]. Then the investigation
of MQ NMR dynamics can be reduced to solving a set of problems of lower
dimensions.
Since the Hamiltonian HMQ of Eq. (1) commutes with the operator e
ipiIz ,
the 2N × 2N Hamiltonian matrix reduces to two 2N−1× 2N−1 submatrices [15].
For odd N , both submatrices give the same contribution to the MQ NMR
coherences, and one should solve the problem using only one 2N−1 × 2N−1
submatrix and double the obtained intensities. In our calculations, we take
only odd numbers of spins. Using this method, one can investigate MQ NMR
dynamics in systems consisting of hundreds spins.
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Figure 1: Intensities of MQ NMR coherenes Jn (n = 0, 2) in a nanopore with N = 3.
3. Analytical solution for MQ NMR dynamics of a three-spin system
in a nanopore in a dipolar ordered state
Obtaining the exact solution for MQ NMR dynamics of a three-spin system
in a dipolar ordered state in a nanopore is similar to the problem considered in
Ref. [13] for the initial thermodynamic equilibrium in a strong external magnetic
field. Here we do not use the high temperature approximation [17].
The Hamiltonian HMQ of Eq. (1) consists here of two blocks for the two
possible values of the spin angular momentum (I2 = S(S + 1), S = 3/2, 1/2).
Those blocks and the corresponding eigenvalues and eigenstates are given in
Ref. [13]. The density matrix of the system consists also of two blocks ρ3/2(τ),
ρ1/2(τ), and
ρ3/2(0) =
1
Z


e
3b
2 0 0 0
0 e
−3b
2 0 0
0 0 e−
−3b
2 0
0 0 0 e
3b
2


, ρ1/2(0) =
1
Z

1 0
0 1

 (15)
where b =
ℏD
kT
and T is the temperature. After simple calculations one can
obtain the density matrices ρ3/2(τ) and ρ1/2(τ), which allow us to find the
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intensities of the MQ NMR coherences.
Only the MQ NMR coherences of the zeroth and plus/minus second orders
appear in the considered systems. The intensities of these coherences are
J0(τ) = 1− 1
2
tanh2
(
3b
2
)
sin2
(√
3Dt
)
,
J±2(τ) =
1
4
tanh2
(
3b
2
)
sin2
(√
3Dt
) (16)
The sum of the intensities of Eq. (16) equals one in accordance with Eq. (14).
The dependencies of the calculated intensities Jn(τ) (n = 0, 2) on the evolution
time are shown in Fig. (1).
4. Second moment of the MQ NMR spectrum as a measure of many-
spin entanglement
The expression (8) for the MQ NMR signal G(τ, φ) can be expanded in series
in the phase increment φ:
G(τ, φ) = Tr
{
ρ(τ)eiφIzρ(τ)e−iφIz
}
= Tr
{
ρ2(τ)
} − φ2Tr {ρ2(τ)I2z − (ρ(τ)Iz)2}+O(φ3)
(17)
It is possible to prove [31] that the quantum Fisher information FQ(ρ, Iz) [32]
FQ(ρ, Iz) ≥ 4Tr
{
ρ2I2z − (ρIz)2
}
(18)
At the same time, it is easy to verify that 2Tr
{
ρ2(τ)I2z − (ρ(τ)Iz)2
}
equals
the second moment M2 of the distribution of the intensities of the MQ NMR
coherences [12]
M2 =
∑
n
n2Jn(τ), (19)
where Jn(τ) (n = 0,±2,±4, · · · ) is determined by Eq. (13). Thus, the second
moment of the MQ NMR spectrum provides a lower bound on the quantum
Fisher information FQ(ρ, Iz). It was also shown [9, 10] that if
FQ(ρ, Iz) > nk
2 + (N − nk)2, (20)
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where n is the integer part of N/k, then the system with the density matrix
ρ(τ) is (k+1)-spin entangled [33, 34, 35]. The results of the numerical analysis
of many-spin entanglement in the system of spin-carrying molecules (atoms)
initially prepared in the dipolar ordered state are presented in the following
section.
5. Numerical analysis of many-spin entanglement at different tem-
peratures and numbers of spins in the system
The considered model of the spin-carrying molecules (atoms) in a nanopore
in the dipolar ordered states expands possibilities of the investigation of many-
spin entanglement in comparison with the related model [13], in which the
system was initially in the thermodynamic equilibrium in a strong external
magnetic field. The model [13] is not useful for the investigation of the time-
evolution of the system because the stationary distribution of MQ NMR co-
herences establishes very quickly [15]. Many-spin entanglement changes with
the temperature in a very narrow temperature interval in the model [13]. For
example, all spins are entangled in the system consisting of 201 spins at the
temperature T = 6.856 · 10−3 K [13].
The time dependence of the quantum Fisher information in the system con-
sisting of 101 spins is presented in Fig. (2) at different temperatures. One
can see from Fig. (2a) that only pair entanglement exists at the temperature
T = 6 · 10−4 K. At the temperature T = 3.2 · 10−4, one can see a strip in
Fig. (2b), in which the inequality (20) can be satisfied when 19 ≤ k ≤ 46. Thus,
there is many-spin entanglement in spin clusters consisting of 20-47 spins at the
temperature 3.2 · 10−4 K. When the temperature decreases, the width of the
strip, in which many-spin entanglement exists, increases. At the temperature
T = 1.6 · 10−4 K (Fig. (2c)), clusters of 19-87 entangled spins emerge, and at
the temperature T = 4.8 · 10−5 K (Fig. (2d)), we have 11-92 entangled spins.
The dependence of the average of the maximal number of the entangled spins
over the evolution time (0 ≤ Dτ ≤ 3) on the temperature at different numbers
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Figure 2: The dependence of the lower bound on the quantum Fisher Information FQ = 2M2
on the dimensionless time Dτ at N = 101. a) T = 6 · 10−4 K, the inequality (20) yields
the region of pair entanglement (k+1=2), the region is above the horizontal line; b) T =
3.2 · 10−4 K, the region of the many-spin entanglement is a strip bounded by the horizontal
lines with k = 19 and k = 46; c) T = 1.6 · 104 K, the horizontal lines (k = 18 and k=86)
bound the strip with many-spin entanglement; d) T = 4.8 · 10−5 K, entangled clusters with
11− 92 spins emerge.
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Figure 3: The dependence of the maximal number of the entangled spins, averaged over the
evolution time (0 ≤ Dτ ≤ 3), on the temperature at a) N = 51; b) N = 75; c) N = 101.
of the spins in a nanopore is presented in Fig. (3). The maximal number of
the entangled spins decreases when the temperature increases. The maximal
number of the entangled spins increases when the number of the spins in the
nanopore increases, because the system in the nanopore gets denser.
6. Conclusion
We investigated many-spin entanglement in a system of spin-carrying molecules
(atoms) filling a non-spherical nanopore in the conditions of the MQ NMR spec-
troscopy. The spins are in the dipolar ordered state initially. We found the
dependence of many-spin entanglement on the temperature and the number of
the spins in the nanopore.
We believe that the MQ NMR spectroscopy is a subtle and useful method
for the investigation of different quantum information problems. In particularly,
it is a very effective method for the exploration of quantum entanglement.
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Appendix A. The two-pulse Broekaert-Jeener experiment at a low
Zeeman temperature and a high dipolar temperature.
Initially the system is in the thermodynamic equilibrium state in the strong
external magnetic field with the density matrix
σi =
eβLω0Iz
Zi
, Zi = Tr
{
eβLω0Iz
}
(A.1)
After the first resonance rf x-pulse, one has
σ′(0) = ei
pi
2
Ixσie
−ipi
2
Ix =
eβLω0Iy
Zi
. (A.2)
Then the system evolves freely during the time τ , and one applies the second
resonance y-pulse rotating spins by angle θ around the y-axis of the RRF. As a
result, one obtains that
σ′(τ) =
e−iθIye−iHdzτeβLω0IyeiHdzτeiθIy
Zi
. (A.3)
After the time T2 (T2 is the spin relaxation time [17]) the system achieves the
thermodynamic equilibrium state
σf =
eαω0Iz+βHdz
Zf
, (A.4)
where α and β are the inverse Zeeman and dipolar temperatures. It is evident
that the system has a single equilibrium state and there is a unique choice of
the temperatures α and β that is consistent with the conservation laws. Those
temperatures can be obtained from the conservation laws
Tr {Izσ′(τ)} = Tr {Izσf (τ)} (A.5)
Tr {Hdzσ′(τ)} = Tr {Hdzσf (τ)} (A.6)
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One can rewrite Tr {Izσ′(τ)} as
Tr {Izσ′(τ)} = 1
Zi
Tr
{
eiθIyIze
−iθIye−iHdzτeβLω0IyeiHdzτ
}
=
1
Zi
Tr
{
(cos(θ)Iz − sin(θ)Ix) e−iHdzτeβLω0IyeiHdzτ
}
=
1
Zi
Tr
{
e−ipiIy (cos(θ)Iz − sin(θ)Ix) e−iHdzτeβLω0IyeiHdzτeipiIy
}
= − 1
Zi
Tr
{
(cos(θ)Iz − sin(θ)Ix) e−iHdzτeβLω0IyeiHdzτ
}
= 0 (A.7)
In (A.7) we took into account that
[
e−ipiIy , Hdz
]
= 0. Since we consider the
case of a high dipolar temperature, it is possible for rewrite (A.5) as
0 =
1
Zf
Tr
{
Ize
αω0Iz
}
+
β
Zf
Tr
{
Ize
αω0IzHdz
}
. (A.8)
Notice that Tr {Iz} = Tr {IzHdz} = 0. It means that α = 0 satisfies Eq. (5).
Thus, we obtain the dipolar ordered state in the considered case.
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